Delano Campos
Department of Physics and Astronomy
University of California, Los Angeles

— Electromagnetic Theory: Steady Current and Magnetostatics

1. 9.15

The Resistance of an Ohmic Sphere

A current I flows up the z-axis and is intercepted by an origin-centered sphere with radius R and con-
ductivity o. The current enters and exits the sphere through small conducting electrodes which occupy the
portion of the sphere’s surface defined by < o and 7 — a < 6 < 7. Derive an expression for the resistance
of the sphere to the flowing current. Assume that o < 1 and comment on the limit o« — 0. Hint:

(20+4+1) /I2 dx Py(x) = [Ppy1(z) — Pr—1(2)]32.

1
1.1. Solution
This problem boils down to finding the potential difference at the terminals in order to construct

_V_¢7r7¢
R=7T =577

To begin the problem, I search for the general form of the potential due to a steady current, then attempt
to evaluate at both terminals:

®(r,0) =, Ar'P(cos 0)
and knowing that for a spherical conductor, the electric field is zero everywhere, besides in this situation
where we have electrodes. Clearly, we have nonzero E at the terminals:

El,—r = *%ﬁfh:}% = —% > At P(cosf) = — >, LA R Py(cos 6)

Where we then use the classic trick in these problems. Multiply through by sin 6 and P,,(cos ) and inte-
grating through cos 6

fil E(r,0)P,,(cos6)d(cos ) = — fil > LA R Py (cos 0) P, (cos 6)d(cos 6)
= — > IA4RT! fil Py(cos ) Py (cosf)d(cos0) = — >, 1A R {ﬁcsmz} = g2l Ay R
and

f_ll E(r,cos0) Py, (cos 0)d(cos0) = E(r, cos Q)ﬁ [Pry1(x) — Ppo1(z)] = WEJrl[PmH(cos a)—Pp,—1(cosa)—

Pi1(—cosa) + Pp_1(—cosa)] = %[Pm_l(f cos ) — Pp11(cos a)]

Therefore, we can find A,,:

A, = —273:1’;,;1_1 231]11 [Pr—1(—cosa) — Ppyi(cosa)] = #[Pmﬂ(cos a) — Pp—1(—cosa)]

From this, we can reconstruct the potential difference:

V =®(R, 71')—¢:(R, 0) =, Ar'[Pi(cos ) — P(cos 0)] = Y, %[BH(COS ) —P_1(— cos)][P(cos ) —
Pi(eos0)] = 3, 12 [Py (cos ) — Py (—cosa)][A(~1) — A(1)

University of California, Los Angeles 1 210A



All together,

2Er!

V=8(Rm) = (R0) =D oy

[P—1(—cosa) — Piy1(cos )]

And finding R from this,

_ o IE <=1 /71!
R=7T= 2E, )7I¢(R’O) =\ IR Z 7 (*) [P—1(—cosa) — Pi11(cos )]

2. 10.15

A Spinning Spherical Shell of Charge

A charge @ is uniformly distributed over the surface of a sphere of radius R. The sphere spins at a constant
angular frequency with w = 6. Use B = —V4 to find the magnetic field everywhere. Hint: See Appendix
C.1.1.

2.1. Solution

The problem boils down to employing a similar tactic to the spherical multipole expansion for the elec-
trostatic potential, except now we are working with magnetic fields:

Y(r,0) = >, Air' Py(cos 0) with r < 1/
P(r,0) =3, 25 Pi(cos ) with 7 > 1/
Knowing K = ov = #V:
And using the differential velocity element:
ar — P+ 20 + résinf¢ = r¢sin g = Rw sin 06
K= %Rw sin&gf) = ﬁr—% sin 09(;3

and employing boundary conditions to solve for the coeflicients:

nz- (Bout - Bin) =0—ng- (awout _ 8win> -0

or or
0 ou 0 in
n3 X (Bous — Bin) = 10K (0) — 13 X ( Yous O ) — 4K (0)

Using the first,

[ElAlRPl cos) — 3, 2 BT Py(cosf)] =0

- —(l+1) B
SAAR T Pleost] = Y7 — (1 +1) R,+2/1,Qees’97—>lAlRl L=—( +1)Rl+z—> Al=7(l )7R2H‘1
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Using the second,
18 [T AP (cos ) — X, 7 Pi(cos 0)] = poK(6)

S AR08 s B OReost) — 11 K () = po £ sin 06

Where we can imply [ = 1 from knowing the form of the legendre polynomials and K(#) :

Ay (s8] — Br (0] = p1o 2 st

_ By _ Qw (+) B 4 Bi _
At g =pogr = T B TR T MR

2
Bi () = moy = Br = uo %5

Ar =28 = 2o 22 = i 22

Yin(r,0) = —uoéfr—“érPl(cos 0) = —MO%%COS9

Yout(r,0) = %Pl(cose) = uo% (f)Qcosé'

Biy = — Vi, — MO%C(EGA uo%si}r;ﬂ A

Bout = —Vtour = Mo%%z cos 07 + uo%lj—; sin 06
3. 10.21

Consequences of Gauge Choices

(a) Show by direct calculation that the Coulomb gauge condition V - A = 0 applies to

A = 20 [ I

4 r —r

/| .
(b) Find the choice of gauge where a valid representation of the vector potential is

A(r) = %/dsr’B(r’) X H)

3.1. part (a):
By the definition of the Coulomb gauge:

VoAr) =V (8 fatr 3] = i)V [ ] = 2 i)Y ]
Then using the identity:

V(ab) = aVb+ bVa

And solving for aVb, then using it on the integrand from above:

aVb = V(ab) — bVa
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V-Afr) = [fV f =4 r/\ (r')d’r /}

And by the statement of magnetostatics, V' - j(r/) =0
&P’ — [ = / r/}:_%fv.\igr)| ﬁs(

And by locality of j(r') we can choose a surface area such that the integral vanishes. Hence,
_ i’ _
= 1 g (2T = 0]

3.2. part (b):

I make an argument here by constructing B first, then concluding a fact about the result.

VoA =k [V J) - as’

B(r) = VXA(r) = £ Vx ([ BIr) x 5550 ) = & [ d'(V x BO) < £55 = he [ [ d¥r'j(e') x 550 ]
Which only holds true for the coulomb gauge, since this is the Biot-Savart result.

V- A(r) =0/ for this given A(r)

4. 10.23

A Geometry of Aharonov and Bohm

(a) Find the vector potential inside and outside a solenoid that generates a magnetic field B = B2 inside
an infinite cylinder of radius R. Work in the Coulomb gauge.

(b) The Aharonov-Bohm effect occurs because the magnetic flux 5 = [ B - ds is non-zero when the
integration circuit is, say, the rim of a disk of radius p > R which lies perpendicular to the solenoid
axis. Show that A’ = A 4+ Vx with y = —¢®p/(27) (where ¢ is the angle in cylindrical coordinates)
leads to identically zero vector potential outside the solenoid.

(¢) The result in part (b) implies that we could eliminate the Aharonov-Bohm effect by a gauge trans-
formation. Show, however, that the new magnetic field corresponds to a different physical problem,
where

/ p— —_
B'=B 2271'/)5( 0).

5. Solution

5.1. part (a)

Since we know,

V-A=2%:4 %0  9 —0and B=V X A = B3
This implies that A must be A = A, X + A,y + 02
I will use this argument in a bit to put a direction to A. Using Zangwill 10.68:

Pp= [ dl-A— |B|(7Tr2) = [, A-dl
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Bmr? = |A|(277) where we can then just proceed with a Gauss’ law-type calculation.

Br B -
inside: r < R:||A] = =- = —-(=sing% + cos ¢y) | = 54

: BR* BR*, N
outside: r > R: ||A| = 5 = o (—sin ¢k + cos oy) | = B

Which ensures no magnitude change of A, but also promises the correct direction as promised earlier in
this part.

5.2. part (b)

We directly calculate Vx and add it to our previous result:

_@B$

V= }(550) = H(F20d) = S =

A:)ut = Aout + VX = B21§2$+ _(I)Bq;

27r

2mr

But,

Op=[A-dl=[(BE3) (rdod) = BrR?

So then it becomes clear that outside the solenoid,

’

_ BR?*7 , =®p 7 _ BR®>7 _ BrnR? ,@
AOUt_ 2r ¢+ 27r7"¢_ 2r 27 ¢_

5.3. part (c)

B=VXA=Vx (Bfg?a) — BEy (li&) — BE (5(’”)2)

T

But we know from part (b), that
(I)B = B7TR2 — BR2 = @B/ﬂ-
Therefore, B(r) = 5= (@2)

And since we know that B’ =V X A’ = 0, we can conclude that :

B’ =B+ f(r) =0, where I am calling f(r) some function that ensures that B’ = 0.

B = %(5(:) 2) + f(r) = 0 implies that f(r) = 7%(5@) 2)

T

Therefore,
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6. Number 5

Space Charge Limited Flow

A vacuum tube is an example of a non-neutral plasma; current that flows through the tube (acting as
a diode) is carried by electrons that are pulled from an emissive (hot) cathode (at ground) and accelerated
across a gap to an anode (held at potential Vj). Current flow in the tube is space charge limited; in steady
state, the space charge of the electron cloud between the anode and cathode reduces the electric field to zero
at the cathode. Model the vacuum tube as two plates of area A, separated by distance d, with an electron
cloud carrying a current of I between the two. You can treat the problem in 1-D (potential ¢, charge density
p, electron velocity v are all functions of x only with the coordinate axis normal to the two plates).

(a) Find an expression for the velocity of an electron between the plates given the potential ¢(z). (assume
the electrons start from rest at the cathode)

(b) Argue why the current I must be a constant (not a function of z) in steady state. Given this, determine
the charge density as a function of position in the diode.

(c) Use the previous two results to write down a differential equation for the potential inside the diode,
starting with Poisson’s equation.

(d) Solve this equation for ¢(z). Plot this and compare to the potential between the plates in vacuum.
(e) Show that I = KV3/2 where V is the total potential difference across the two plates and K is a

constant. This is the Child-Langmuir Law for space-charge limited current.

6.1. part (a)

b = go(e) — | = 1 224D
6.2. part (b)
9 +V-j=0
and since we know % = 0, this implies:
V-j=0

which then implies that current must be constant .

and using the following result:

p(x)v = I/A where A is the cross-sectional area of the current, and I is the current magnitude.

2 4 I _ I _ I 7 —1/2
V2 =~ v = ~dq\ miw = Ay He@) Y

d*¢(x) I m -1/2 _
o i [ =0

University of California, Los Angeles 6 210A




6.4. part (d)

Change of variables:

_ do
§=T

which implies

= = 0 = B = 560)

2 dr dez ~ dzx — d¢

= dédr — dé

TE() + 5\ md(x) M2 =0
#56(@0) = =\ stz ()12

[ E(@)de = —\ /32 [ o) 2dg

36(0)* = —\ /5 m d(2)'/?

2mI2 /2 = 2mI? L/4 1/4 _ ; 1/4 _ dé 2mi? 174
A3 /2 = Z(queg> ¢(x)"* = iyp(x)'/* = 22 where I have defined 7o as (m) .

7z¢)( 1/4d¢ de — 4z¢( )3/4 —r ¢(JJ) — (31!%)4/31,4/3 — ,.Yx4/3

o(x) = yx/3 |y = (%)4/3

14 4

12 | — o(x)

10

Where the difference will truly show itself for large enough x.

6.5. part (e)
We are given that at x =d, ¢ =1}

1/4 4/3 4/3
Vo = ya/3 = ydi/3 = (24 )4/3d4/3 <Z<2£12I%) ) d4/3 — [%q mEO d] 12/3 — AT2/3
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4/3
where I have defined A = [3 "2162 d]
0

24A
Vo = AI/?
132 =V, /A
3/2 3/2..3/2 3/2 _ U
1= (0" = (0 =[] K = a7 = [

Submitted by Delano Campos on .

University of California, Los Angeles 8 210A



Delano Campos
Department of Physics and Astronomy
University of California, Los Angeles

— Electromagnetic Theory: Magnetic Multipoles, and Magnetic Force and Energy

1. 114

The Magnetic Moment of a Rotating Charged Disk

A compact disk with radius R and uniform surface charge density o rotates with angular speed w. Find the
magnetic dipole moment m when the axis of rotation is

(a) the symmetry axis of the disk.

(b) any diameter of the disk.

1.1. Solution
1.1.1. part (a).
We start with

— 1 (e x K)da =} [ (7 x ov)da = § [ r(7 X (w x ))da = % [ r2(7 x ( X ))da

%frz(f x ((Mﬁ—sin@é) X f))daz 2 [r (r X (b)rsm(ﬂ'/Z drdg = %2 [ 13 ( )drd¢

o . A w27 Rimow
=g _<#ﬁ> rdrdg = 2 [ (2)rddrdg = %22 [77 d¢ [i drrddr = 0

1.1.2. part (b).

Likewise,

= %f(r X K)da = %fw [TQSin2¢;%—T28in¢cos¢§] da = —EUR4w

2. 11.15

A Spherical Superconductor

A superconductor has the property that its interior has B = 0 under all conditions. Let a sphere (radius R)
of this kind sit in a uniform magnetic field By.

(a) Place a fictitious point magnetic dipole m at the center of the sphere. Find m from the matching
condition on the normal component of B.

(b) In reality, the dipole field in part (a) is created by a current density K which appears on the surface of
the sphere. Find K from the matching condition on the tangential component of B.

(c¢) Confirm your answer in part (a) by computing the magnetic dipole moment associated with K from
part (b).
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2.1. Solution
2.1.1. part (a):

Here we use the normal component of the B field defined at the boundary to find m.

By = 40 30m)om 04 By = By2

e

’ﬁ'(B{—Bg) :—f'(Bd“rBext):O

i+ (Boz + o rmom) _ g

r3

(BO¢OSQ+ %;M) = (Bgcosf + %M) — (BOCOS6‘—|— Ko mco<a> =0

r3 r3 r3

_ 27BoR? cosd

m= o cos «

and sincem=m2Z — a =10

—27‘(.80.[“23 N
= 2
Ho

2.1.2. part (b):

Using,

7TX(B/ BQ)—,[LoK—>K— (’I‘XBQ)

Fx By =7 X (Bof—l- £3r(f~m)—m) By X 5 + ,uo 3PXFA(Fm)—FXm Bof X 2 — mug 7XZ2

r3 r3 47 3
= Byf X (1;9597:7 sin@é) — Lo Tx(wsvﬁjgismee) = m“fl;me #x0 — By 51110( é)
= M 2 L $ — Bysinf¢
mpp sin P 3 . n
K= 72(7”0 14— Bosm9¢) = [747:1%3 2nBoRt ﬁgR - % sin 0¢
. _3B R
{2%; + B”] sin ¢ = 2?;00 sin 8¢
2.1.3. part (c):
m=1[(rxK)da=1[Rix ( 3B, Sm9¢) R2sinfdodg = —3 BoRs | (r x (;3) sin? 0dfde
=3 Bo R? [0sin®0dodp = 3 Bo R? [ (cosBeesdi + cosBshrgy — sinf2)sin’ 0dfdp = g& R32 [ sin® 0dOdg
= —3BoR39rs [sin®0do = —3BoR32r (4)2 = =280 g | Which s | t with part
= 4 o Tz S1n = 1 o s 3 Z = 100 z 1cn 1S 1n agreement wi part a.

3. 12.12
Three Point Dipoles

The diagram shows three small magnetic dipoles at the vertices of an equilateral triangle. Moments m, and
m. point permanently along the internal angle bisectors. Moment my, is free to rotate in the plane of the
triangle. Find the stable equilibrium orientation of the latter and the period of small oscillations around that
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orientation. Let all the moments have magnitude m and let my, have moment of inertia I about its center of
mass.

3.1. Solution

Of course, considering small oscillations about a stable equilibrium implies we turn any cos @ into cos =
1— 362
2

Before I begin to slap down equations and plug in the results, I want to explicitly write out some of the
results we will need, then evaluate them:

m, - mp = m? cos (6 — 7/3)
m, - me = m? cos (6 4 7/3)
7o - me = mcos (1/6) = mV/3/2
Fe-my = mcos (0 + 7/6)
¥p - My = mcos (6 —7/6)

7y - my, = m cos (1/6) = m\/3/2

Vo = —my-B(a) = —2my By + Be] = — 2% [3mg - 75 - myp) — my - my, + 3mg - 7 (1 - me) — my - me] =

" 4maB

= — 2% [3mcos (6 — 7/6)(mv/3/2) — m? cos (0 — 7/3) + 3mcos (6 + 7/6) (m\/3/2) — m? cos (6 + 7/3)]

= Tjé‘é’ [cos (0 + m/3) + cos (0 — 7/3) — 3cos (0 — m/6)(v/3/2) — 3cos (0 + 7/6)(v/3/2)]

Then I let mathematica evaluate the sum:

_ 2
V= g’;‘;ﬁ" cos 6

We can then set up the lagrangian to obtain the equation of motion, from which we can conclude the
frequency of small oscillations:

L=T-V =172+ Tm® (] _ 142)

8mwa3

And evaluating the euler lagrange equations,

oL _ o g | o

9¢  dt 8¢ 8Imad =0

[ Trom? _
Where we can define: w? = % —|w = 811;0 - | as the frequency of small oscillations and
Ta

| 8Ima?
T= %’r =27 777ra2 as the period of small oscillations.
o™

4. 12.16

Magnetic Trap I

Two infinite, straight, parallel wires, each carrying current I in the same direction, are coincident with the
lines (1,0, 2) and (—1,0, z). In addition, there is a large external field By = Bp2. An atom (mass M) whose
magnetic dipole moment mg is always anti-parallel to the local magnetic field direction can be trapped at
the origin. What is the approximate frequency of small oscillations in the vicinity of the origin?
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4.1. Solution

The problem as currently stated will only produce a contribution from the external field at exactly the
origin. We get around this by Taylor expanding the total magnetic field about the origin, to order 3.

The total field is given by:

Biot = Bext + B1 + Bz = BoZ + £2[11 + L]§ = B + L2216 = Byz + Lol |Gl o yidGt

V = —m - Byoy = —|mo|[B| cos T = [my|, /B2 + B2 + B2 ~ |my| (BO + %TQ)
Constructing the Lagrangian and then evaluating the Euler-Lagrange Equations:
£ =T — V = %mi‘2 — |m0‘(BQ + %TQ)

oL dOL s 2uel
9¢ _dtoq 7 M —Mop;

r = 0 omitting third order r,

2 2mopod .
P4 ST = 0

Where I then define the frequency of small oscillations about the origin as:

2mopol
w? = mgl |, =, [2ob0]
0 mBym

Where it might serve useful to the reader to remind then that mg is NOT a mass, and the units work
correctly to yield a frequency.

5. 13.13

Magnetic Shielding

A uniform external field Bext = Bext® is applied to an infinitely long cylindrical shell with inside radius a,
outside radius b, and relative permeability kK = p/po. The rest of space is vacuum. Show that the field inside
the shell is screened to the value

4rb?
B, = B..
(k+1)20% — (k — 1)2a2 "

where £ is a dimensionless parameter related to the geometry and material properties of the shell.

5.1. Solution

The problem boils down to utilizing the following boundary conditions, with the general solution to la-
places equation:

¢C’yl(a) = Yin (a)
'(/chl(b) = d)e:ct (b)

A _ awcyl _ 81;[}171 a¢cyl _ 3111m
- (Hy = Hp)=0—p on o = t0 on ‘a—H{Bn “ 9n la
awcyl _ awemt 8’(/}cyl _ awemt

on lo = o on b —r on lo = on o

The general solution to laplace’s equation in polar coords:
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(1, ¢) = (Ao + Boln(r))(xo + Yod) + >, (Aar® + Bar™*)(24 sin ag + yo cos ag)
where a = 1 and we eliminate all sin a¢ terms since:
Vegt(r —> 00) = [ —Hegedx = [ —%dx = —%r cos ¢

which shows that o = 1 and all sin a¢ terms vanish. In addition, the first set of terms vanish as well since

k # 0.
Y(r,¢) = (Ar + Br=t) cos ¢
employing boundary conditions from above:
Yin(r =0,¢) = (Ar + Br—F)cos ¢ = Arcos ¢
Veyi(r,¢) = (Cr + Dr=1) cos ¢

Yeat = —22rcos¢ = (Er+ Fr=1) cos¢

Ho

—B
Yeat(r — 00) = (Br + PrF)cos¢ = —forcos¢ — | E = ® = —Hea
Ho

Yin(a) = teyi(a) — Aacos¢ = (Ca+ Da=1)cos¢p — A= (C + Da=?)

'(/]ezt(b) = wcyl<b) — _Heg;t + Fb—2 =C + Db_2 —C = b%(F — D) — Hewt

0 cy _ OYin — -
1g'rzl|a_ g)n |CL—)A_K/(C_DQ 2)
RG]y = Y5t], — k(C = Db™2) = E+ Fb™ — F

Solving the system:

A= 4Hextb2I<E
a?(k —1)2 = b%(k + 1)2
C - 2Hextb2(li + ].)
Ca2(k—1)2 = b2(k + 1)2
D= 2Hexta2b2(li — 1)

a2k — 12— b2(rk+1)2

_ Heyb?(0* — a?)(k* — 1)
b2 (k4 1)2 —a2(k — 1)2

At which point we can find H from 1), then find B from H:

Hin = —V¢in = Hin = b2(ﬁ+ﬁl){28it;§&_l)2 (COS ¢p — sin ¢(£)

4kb?
(k+1)26% — (k — 1)2a?

Bin = Bext

Submitted by Delano Campos on .
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Delano Campos
Department of Physics and Astronomy
University of California, Los Angeles

— Electromagnetic Theory II:

1. Jackson 7.6

A plane wave of frequency w is incident normally from vacuum on a semi-infinite slab of material with a
complex index of refraction n(w) [n?(w) = e(w)/eo)-

(a) Show that the ratio of reflected power to incident power is

1—nw) |

R:\Hnw

while the ratio of power transmitted into the medium to the incident power is

4Ren(w)
1+ n(w)?

(b) Evaluate Re {iw(E -D* — B -H*)/2} as a function of (z,y, z). Show that this rate of change of energy
per unit volume accounts for the relative transmitted power T'.

(c) For a conductor, with n? = 1 + i(0/weg), or real, write out the results of parts a and b in the limit
€ow K 0. Express your answer in terms of 4 as much as possible. Calculate %Re(J *. E) and compare
with the result of part b. Do both enter the complex form of Poynting’s theorem?

1.1.

(a)

solution
Here I start the derivation of R from the poynting vector:
R _ <S//>(72) _ Re E// H//* ‘E“
586) Re[E><H ]

to which then we need the reflected wave amplitude as a function of the incident. Here I use the
plane wave result as solutions to maxwell’s wave equations, then make use of boundary condi-
tions at the interface. I make the assumption here that p = p’ and make use of the fact that
B - kX E _ kE _ n(w)E

w w (&
By — By = E}
*[Bo+ B = [ [B] = n(w)(Fo + By) = n'(w)Ef

using these gives us:

' (w)

Ey + T:L((:)) Ey = EO(Z((:)) - 1) — Ej = WJF Eo = Z%IZEZ% Eo

T (w)
Now we are in a position to find this ratio:

n/ (w)—n(w)
2 (W) —n(w) |*

— | 2@ Fnw) Fo
Eo n’(w)+n(w)

E//
0
Eq

R =

and since vacuum:

1—nw) |

1+ n(w)

r-|
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and to find transmission we use conservation of energy:

T—1-R— 1_‘ 1-nw) |2 [1n@)P—1-n@w)® _ Re{(+n(@)?-(1-n(w)?}  Re{l+2n(w)+n(w)?—1+42n(w)—n(w)*}
- B I+n(w)| [14+n(w)|? - [1+n(w)|? - [14+n(w)|?

Which is then clearly what we wanted:

_ 4Re[n(w)]
1+ n(w)[?
(b) If our goal is the transmission coefficient, we need the following expression:

_ Pr/A _ (St
T'=%7x= {0

But the trick here is to integrate the expression we were given over the space that the wave
propogates. I make a dimensional argument for this: if the given expression is [energy/vol -time],
this is just [power/vol] = [(power/area) - 1/length| where when I integrate the expression over a
length distance, we recover an intensity as [power/area], which is the Poynting vector.

Re[%(E-D* - B - H*)| = Re[%’ (e*(w)E E*- 1B B*)} - Re{% (e*(w)|E|2 - ﬁBF)}

_ Re[i; <6*(w)|E|2 - L ”(C“’)’2|E|2>] = Re[%w(ew)lEl2 - |n(w)IQeo|E|2)]

where here I will use the relation between the frequency dependent index of refraction and the
permittivity of the material:
€*(w) = n*?(w)eo

_ Re[%’ (n*Q(w)eo|E|2 - |n(w)|260|E|2” - Re[%‘“ (n*%) - |n(w)|2)eo|E\2}

Next I make use of the tool we used in class to split the wave vector into a real and imaginary
component of the electric field since our exponential for plane waves is purely imaginary:

= Re| 5 (n"2(w) — [n(w)[* ) [Eo|*e? ) H| — Re[ %42 (n"2(w) — [n(w)|? ) [Eo|*¢? 1mik() ]

= 45 (~2Ren(w)| Tmfn(w))) Re[[Bo|*|¢? )+) = —oegRefn(w)|Im{n(w)] Re||Eo|?]e? trikis)

= —weORe[n(w)]Im[;k(w)} Re[|EO\2}e2 Im[k(w)-r]

Ho€ow

= —\/%Re[n(w)]lm[k(w)] Re [|E0|2} e? Imlk(w)-r]

Assuming the wave propagates in z starting at the origin where the medium begins:
Jy"Re[%(E-D* — B-H")]dz = [;* - [& Re[n(w)]Im(k(w)] Re[|Eo|”|¢2 mlk)rkq;

= —%, /< Re[n(w)][Eo|*

—1 /S0 Relr Eol? 4
T = 2\/? [ ()] Eo = Re[n(w)] [Bol® _ Re[n(w)

€0 e
“ 24/ ko E0|

(c) Since the results of a and b are identical, with only the approach differing, I first write them out
using the skin depth and in the limit o >> e¢gw, we need to somehow find space for the skin depth
to show up. We achieve this by re writing the index of refraction:

L+ n(w)

2 2
R ‘l—n(w) 2 _ = /1+i(c/weo) _ [1=04)y/(o/2we0) | _ ’17(1+i)ﬁ 2 ’17(1—@%‘2 -
T+n(w) 14+/1+i(o /weo) 14(1+i)/(0/2we0) +(1+1) 5 1-(1+1) 25

|2
c
Knowing R,
2wé
T=1-Rrl-1+20~ =1
c
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2.

Next the question asks to calculate % Re(J* - E) and compare this result to part b, and to answer
whether or not both expressions are in the complex form of the Poynting theorem:

1 Re(J* - E) = }Re{0"E* - B} = %0Re{|E|2} - %JRe{|E|2}

ag
2weg

. 2
and since, =S =0= 2weo(£)

wd?

LoRe{[EI*} = $2wes (5)" Re{[B'} = 25 | o[ e-2mti) )

kE(w)/w=n(w)/c = k(w) = n(w)w/c

2
2 egc? 2 —2Im{(n(w)w/c)kr €oC 2 _ kr
SoRe{ B} = 2 2ol tnrerket | O g 2ot

which yields an identical result to computing what we did in part b:

2
1 € [4 2 — A-r €oC — k-
Re[%(E-D* —B-H*)| = 1, /% Re[n(w)]|Eo|* & cqw(5) | Eo| e ~2/0FT = #\Eoﬁe 2/0k-x

which is enough to make an argument as to why adding both of these expressions into one theorem
would be useless, since we would have accounted for the qunatity twice. so no, they both do not
show up.

Jackson 7.13

A stylized model of the ionosphere is a medium described by the dielectric constant (7.59). Consider
the earth with such a medium beginning suddenly at a height h and extending to infinity. For waves with
polarization both perpendicular to the plane of incidence (from a horizontal antenna) and in the plane of
incidence (from a vertical antenna),

(a)

(b)

2.1.

show from Fresnel’s equations for reflection and refraction that for w > wy, there is a range of angles
of incidence for which reflection is not total, but for larger angles there is total reflection back toward
the earth.

A radio amateur operating at a wavelength of 21 meters in the early evening finds that she can receive
distant stations located more than 1000 km away, but none closer. Assuming that the signals are being
reflected from the F' layer of the ionosphere at an effective height of 300 km, calculate the electron
density. Compare with the known maximum and minimum F layer densities of ~ 2 x 10'2m~3 in the
daytime and ~ (2 —4) x 10'' m~3 at night.

solution

The point of this problem seemed to be that we can recover a simple result for the concept of the critical
angle, except from a more general approach using Fresnel’s equations. In both cases for perpendicular
and parallel polarization to the plane of incidence, we get the same result, which is identical to the
critical angle from snells law. Please comment on this if I missed the point of this part. This portion
was effectively done in class when discussing the critical angle. In the high-frequency limit, we say,

p
2

€0

n’—\/l—w—f’—l w2—w?2<landn=1
- w? T w P -

and by Snell’s law on the condition between the indices of refraction, we can conclude a critical angle

such that §' = 7

. . . — ’
nsing = n'sin@ = 0, = sin~* (”—)

n
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Using Fresnel’s equations for the perpendicular case for reflection amplitudes:

EJ _ mncosfi—y/n?2—n?sin?20; _ cosfi—y/n'2—sin?6; _ cosf;—/n'2—sin?0;

Eo n cos 9i+\/n’2—n2 sin2 6; cos 0,i+\/n’2—sin2 9; cos Gi-ﬁ-\/n’("—sin(" 9;

since we are after the threshold angle where total reflection occurs, we say that the portion of the square
root has to either be zero or imaginary to give back a reflected to transmitted ratio of 1:
—/n2 —sin?6; = 0

n? =sin?0; = 0, =sin " 'n/ =sin"! (% w? — wf,)

Likewise for the parallel case, I state Fresnel’s equation and deduce a condition on the incident angle
(implicit assumption on permeabilities of the materials being approximately equal):

E) n'? cos 0; —n\/n’2—n2sin2 6; . n'? cos 0; —y/n’2—sin? 0;

Eo n’2 cos 19,;+n\/n’2—n2 sin2 0; n’2 cos 97¢+\/n/2—sin2 0;

Where it then becomes clear that we get an identical result when forcing the square root to vanish.

Therefore any incident angle below this threshold will give partial reflection, up until the point it is
reach where we observe full reflection, contingent on w > wp:

1
0, =sin~! < w? — w%)
w

(b) Here ultimately we want to make use of our knowledge about total reflection to find the the plasma
frequency of the ionosphere, which will thus allow us to find a density of it:

2

NZe? nye’ comw

w2 = = 22— —> Ny = > p
p eom eom e

Where it then becomes obvious that we need to know the plasma frequency. Lets make use of part a
information on critical angles and total reflection:

. _ 2 1 J2 2 _ 4z, _ 42 _grc [ 4z o 310%m/s 4-300km
sin . = VIZ  w\|W W T W =W T 2\ oz =2 T T 2Tm £-300km-+1000km

wp =4.5-10"Hz

2 —12 —31 14
= Eomwp = 8.85-20 Sl kg 4510 He =
Ny = —z = = T 6.10-55C =|2.5-10""m

3. Jackson 7.22

Use the Kramers—Kronig relation (7.120) to calculate the real part of ¢(w), given the imaginary part of
€(w) for positive w as

€o

(a) Im {i} = A0(w —w1) — 0w —wa)], wo >ws >0

3.1. solution

(a) from Kramers-Kronig, we can relate imaginary and real components of a complex permittivity as such:

€(w) = €1 (w) +iea(w)
Rele(w)/eo] = 1+ 2P| [;° Imfl)/eol gur] =14 2| [ <2l —glomeall g,
= 14 2P e gy — [0 <0l

w2 —w2 w2 —w2
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And since the Heaviside step function is zero everywhere in frequency space that is not w; and wo
respectively, we can adjust the bounds of integration since the integral will vanish everywhere that is
not in the range (w;, o)

w1 W2—w? T —

1 2P ! — [ ] = 14+ 2 (03— ?]) — ([ - 2])]

Where we then recover what is asked of us:

Refe(w)/eo] = 1+ %[m (62 — o)) — In (jo? — &2])]

Submitted by Delano Campos on .
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