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HOMEWORK 4 — Time-Dependant Perturbation Theory

1. 5.29

Consider a one-dimensional simple harmonic oscillator whose classical angular frequency is wg. For ¢ < 0 it
is known to be in the ground state. For ¢ > 0 there is also a time-dependent potential

V(t) = Fox coswt

where Fy is constant in both space and time. Obtain an expression for the expectation value (x) as a function
of time using time-dependent perturbation theory to lowest non vanishing order. Is this procedure valid for
w =~ wo?

1.1. Solution

We are after the usual, (z|z) = (¢|x|¢), where I make it a point that this is in the typical Schrodinger
picture, since the distinction between pictures is now important enough to note it.
6ni = 6n0 =0

e (t) = 5 [y, (nl Vit i) de' = SLF [} (nl @ cos (wt') [i) e =E0)t /gy
= HFo\ g Jo (nl (a+ ab) [i)e? BBt Mcos (wt')dt' = FEFo\ /5[5 (n] (at) [0)e"Enm B0t /R cos (wi')dt!
= %iFO' /ﬁ f()t <n| aT ‘0>ei(En_ED)t//h CcOS (wt/)dt/ — %’LFO ﬁénl fg ei(w”_WO)t/(M)dt/

_ —i h b i(wn—wo+tw)t’ i(wn—wo—w)t’ g4 _ 2 1
— 2h FO 2mwo (S"l fO e +ern dat’ = Fo hmuwg 6n1[wn7w0+w

(ei(wn—wo—&-w)t _ 1)_,'_

U.Jn_i)O_UJ (ei(wnfwofw)t o 1)]

and since n = 1 is the only allowed transition state:

() = Ry

_|_
W] —wo +w W] — Wy —w

) ei(w17w0+w)t -1 ei(wlfwofw)t -1
hmwg [ ]

(@) = (a(®)]z|a(t)), = \/ gmzy [{L ()P 4 (0] e Fot/P] [er (t)e™ PR |0) + e Fol/h 4 V/2e (e F1t/7 |2)]

% i — i — i(wy—wotw)t _ Ji(wy —wp—w)t _ io i
= Byt \ iz e1(0) [e/5 B i B B] = e [t ol g S [ ]
Where I have defined @ as @ = (E; — Fy)/h

__ 2Fycoswt eilw1—wotw)t _q etlwi—wo—w)t_q
(mwo)? w1 —wo+w w1 —wo—w

(z) =

_ 2Fycoswt [ei(wlwoﬂd)t 1 eMwi—wo—w)t _ 1]

(mwp)? w1 —wo +w w1 —wp —w

No this is not valid at resonance. We get an asymptote to infinity at resonance, thus voiding the usefulness
of time-dependant perturbation theory here.
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2. 5.31

Consider a particle bound in a simple harmonic oscillator potential. Initially (¢ < 0), it is in the ground state.

At t = 0 a perturbation of the form
H'(x,t) = Az?e /™

is switched on. Using time-dependent perturbation theory, calculate the probability that, after a sufficiently
long time (¢ > 7), the system will have made a transition to a given excited state. Consider all final states.

2.1. Solution
() = 7 i, (nl Vi) i) dt’ = LA [}, (| e2e=" /7 [i) ei( BBl gy

_ —iA ftto <n| (a + af)Qe—t’/r |Z> ei(wn—wo)t’ qp!

2mw

= 54 [1 (n] (aa + aat + afa + atal) |0) en—w0=1/DY = =4 (5,4 4 \/25,5) [ ¥wn—wo=1/D) gy

2mw 2mw

where we gain new insight into the allowed transitions from the Kronecker deltas that pop out. Namely,

0 and 2.

I
(Wn —wo — 1/7)

Where I then drop the kroneckers and evaluate each probability individually:

—A
(1) (4) = D) (Wn—wo—1/7)t _ q
e (1) 2mw (Gno + V2052) [ (e )}

|C(()1)(t)|2 _ ‘ —A |: 1 (e(wo—wo—l/‘r)t _ 1):| ‘2 — ( AT )2 |[(e(w0—wo—1/‘r)t _ 1)] |2

2mw | (wo—wo—1/7) 2mw

=t ((£5)° [0~ 1)) = (£5)° [-0P = (A)

mw

2 2
(1) _ | =A wa—wo—1/T _ A wo—wo—1/T
ez (t)|2*‘2mw | (el )tfl)H = (¥28) Gy (et )|

. 2 wo—wo—1/7 2 2
= Hiti—roo ((zmmﬁfol/r)) | [(eleamen=t/mr = 1)]| ) = (sewZmm) ICE =

Where we have considered all final states possible.

3. 5.34

2

1
2

(

AN !
mw ) (wg —wo—1/7)2

Consider a particle in one dimension moving under the influence of some time-independent potential. The
energy levels and the corresponding eigenfunctions for this problem are assumed to be known. We now subject

the particle to a traveling pulse represented by a time-dependent potential,

V(t) = Ad(z — ct).

1. Suppose at t = —oo the particle is known to be in the ground state whose energy eigenfunction
is (z|¢) = w;(x). Obtain the probability for finding the system in some excited state with energy

eigenfunction (z|¢) = us(x) at t = 4o00.

2. Interpret your result in (a) physically by regarding the d-function pulse as a superposition of harmonic

perturbations; recall

1 e ;
d(z —ct) = %/ dwe@/e=t)

— 00

Emphasize the role played by energy conservation, which holds even quantum mechanically as long as

the perturbation has been on for a very long time.
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3.1. Solution
— i fto FIVIE) (i) dt' = 52 [} (F1 AS(w—ct!) |i) iEr=E Ihdy — =54 [V (7] §(a—ct) i) ' (Br =Bt /Mgy

_ 72A f| 5 T — Ct)| > i(EffEi)t’/hdt/ _ ﬂA f x _ Ct/ <f|Z> ei(EffEi)t//hdt/

= =4 JZ5 (fl6(x —ct) J4) e (Bs =Bt [hqy — =i4 [75 da|x) (@] [T dt'o(x — ct’) (f]i) ei(B—E)t' /h

= ;;’;LA ffooo ffooo dxdt’ (f|x) (z|i) 5(x—ct’)ei(Ef_E’7)t//h *ZA f f dxdt' (f|z) (x|i) 5(31:—0t’)ei<Ef_Ei)t//;i

= 7“4 f f dxdt’ (z)u (x)(?(x—ct’)ei(‘*’f’wi)t'
Where the delta function will do its usual plucking out the function in the integral:

= *’A =0 drdt'w} (x)u; ()0 (z — ct!)eilws—wit’ — *;;CA > dxu}(x)ui(a:)ei(“’f_“i)x/c

And the probability, as always:

oo ) 2
/ dzu’ (z)u; (z)eilws—wia/e

—00

! — (wr—w;i)x/c
|c;>(t)|2:‘ A [ dpwt (a)u (x)el(@s e/

@

I think the implications here are clear as far as what the problem was aiming that we understood (and its
really cool). The perturbation is a pulse that gives up energy (E; — E;)/h, which is exactly the energy that
the states get excited to. The energy difference given by the pulse, equals the energy gained by the particle.
Energy is of course conserved!

4. 5.35

A hydrogen atom in its ground state (n,l,m) = (1,0,0) is placed between the plates of a capacitor. A
time-dependent but spatial uniform electric field (not potentiall) is applied as follows:

B 0 fort <0
N Ege /™ fort>0 (Eo in the positive z-direction).

Using first-order time-dependent perturbation theory, compute the probability for the atom to be found
at t > 7 in each of the three 2p states: (n,l,m) = (2,1,%1 or 0). Repeat the problem for the 2s state:
(n,l,m) = (2,0,0). Consider the limit t — oo.

4.1. Solution:

We continue to study the hydrogen atom, and given that we are after the transition probability, we employ
the result of time-dependant perturbation theory:

Ot (>f5m
Dt (t) = 5 [ (n| Vi(t') |i) dt’

But before we evaluate the previous integral, we need to find the potential energy of the field:
Up=q®=—q[E-dl=—q[Epe /"dz = —qEoze /"

We can now proceed for every state [n) = |2,1,£1) for the initial state |¢) = |1,0,0):

3
1 it —t/T it —t/T 2 e—T/a
clylany (£) = T200 [1 (91 1| 2ot/ (1) |100) d’ = 2E0% [T (21 £ 1] ze~t/7(¢) {;; (i) /o} dt’
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, 3/2 , £
= qlf{” j;to [ Tl4n (%) (é)e_”"/mt’ sin(@)ei”’] ze T (1) [\/1; (a—lo) : _”"/“0} dt' = @by Wigner-Eckart

‘(21())()) (t) = q%i ftto (200 ze~t/7 (') [100) dt’ = @ by parity

In summary, no transition is allowed for |21 + 1) or |200)
3
! i —t/7 i 2 r . %0 cos —t/r
3y () = L0 [ (210] 2e~1/7 (¢') [100) df’ = 250t fto{ (L) zem COb(a)] et (¢) {M; (L)

_ qu 1223\3/ of (iw—1/7)t _ %1222\3/5 o [ (e(iwfl/‘r)t _ 1)}

w\w

—r/a0:| dt’

iw—1/7

1
eyl (DI =

2
qF 1282 1 (w—1/m)t
— 1_ w T
( no 243 ° 1/T—w( ¢ )

And as we take t — oo

2
2 2 Ey 128v/2 1
2 _ (qEo 128V2 1 _ || 90
e+ 08 = (525 [ 0] | (72 5) [

2 2 2
Eoi 128vV2 1 iw—1/1 _ Ey 1282 1 w—1/71
ot 128620y [t (it = 1)] [ = (2125200 ) | [ (1 — el |

2

2

5. 5.36

Consider a composite system made up of two spin % objects. For t < 0, the Hamiltonian does not depend on

spin and can be taken to be zero by suitably adjusting the energy scale. For t > 0, the Hamiltonian is given
by

Suppose the system is in |[+—) for ¢t < 0. Find, as a function of time, the probability for being found in
each of the following states |[++), |[+—), |—+), and |——).

1. By solving the problem exactly.

2. By solving the problem assuming the validity of first-order time-dependent perturbation theory with
H as a perturbation switched on at ¢ = 0. Under what condition does (b) give the correct results?

5.1. Solution

To solve this exactly, we will need to re-write the Hamiltonian as a cross term:
H =125 85=20(52- 52— 52)

Then evolve the state through the unitary time evolution operator with knowing how the spin-squared
operators hit the eigenstates S? |s,m) = h?S(S + 1) |s,m). Knowing the initial state, I also re-write it as a
superposition of eigenstates:

|2(0)) = 5 [11,0) +10,0)]

la(t)) = =t/ |a(0)) = Loe= UM [|1,0) +10,0)] = Lre~2AE>=5E-SHu/R [11,0) 4+ |0,0)] =

[672iA(%52)t/h3 11,0) + NG |070>} _ [eﬂ'm/h I1,0) | BiBt/h |070>]

I
S

Sl=] o
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From seeing the superposition states of the time evolved states, its obvious that two of the probabilities

we are after vanish due to orthogonality of the states. Namely,
P(|++)) = | (+++-) 7 =[0]
P(|—=) = [{~=I+-)[* =[0]

. . 2 ; ; 2
P(|—|——>) — | <_|__|_|__> |2 — i |[<00| + <10H [e—zAt/h ‘10> + eBzAt/h |00>]| — i |€—1At/h T eSzAt/h|

P(|—+)) = [ (—++-) [ = 1 |[(10] = (00]] [e~*4%/" [10) + ¢32/7 |00) ]

Using perturbation theory with treating H as the perturbation:

_ % ‘e—iAt/h _ eSz’At/h’2 _

| —

4A¢L
<1 —+ cos (T)

)

| =

(1 — cos (%)

)

1 —1i 7 1 —1 1 —i [t 3 1 3 < 3 —1 1
A1) = T Jy (HH| @MY (e R [y b = 51 [ (] e (25(52 - 83 - $3) ) emiHU/M [4—) a

_ —1 2A fo ++| th/h(S2 S% _ S%)e—th/h |+_> dt' = @

Due to orthonormality of the states. Likewise,

(1) _ —z 2A fo _ th/h(gz _ Sf _ S:%)efth/h I+—) dt’ :@
cﬂ _ —hl th. fo +|eth/h(S72 _ 5312 _ gg)e—mt/n l+—)dt' = —21A fo 5312 _ 53%) I+
= =HA [y (—+](52 - 52 — 5B) [+ at = =B& J; [ &5 (10] - (00]] (52 - s? - ég) [% 110) + [00)]
—zA 32 32 ' —zA 2 3,12 —2iA
= =18 (11010 — (0[] (52 — S — 52) [|10) + 00)] dt’ = =2 [Len? 4 3th%] = ——t
Hence,
o 4A?t?
O = |54 =| =
and,

A (8) = 52 [71(10] + (00]] (52 — S2 — S3) [|10) + |00)] dt’ =

—4A??

1 i
LR = 1252 = | —

5 [3th? — 3th?] =

2iA

—yat

This gives the correct results when the time passed it sufficiently small enough. For large t, the time-

dependant approximation’s accuracy diminishes.

Submitted by Delano Campos on .
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HOMEWORK 5 — Hamiltonians with Extreme Time Dependence and Berry’s Phase

1. 5.28

Show that the slow-turn-on of perturbation V — Ve (see Baym (1969), p. 257) can generate contribution
from the second term in (5.295).

1.1. Solution
Plug and chug:

= (%)2 Zm fioo dt' fi’oo dt!! eiwnmt’ |V () |m) (tl)eiwmit” (m|V (£")|i)

)
>
P dt [Ydteiwnmt ent (n|V|m) etomit” et (m|V]i)
Yom fjoo dt’ ft/ dt"e i‘*’"mt'e"t/V meiwmit’ ent"
S J L elwnmtnt gy (1 gy, ety
5 Viarn Vi [m(ewmm — )| [T, ettt
)

Vot e ) (e — )

. . ’
Zm Vnmvmz {ani+n ZWml'L+ne(lwnm-‘rn)te(lwyni-‘rn)t i|

<
~— — — ~— ~— ~— ~—
[3v]

_ 1) e(“"nl‘“”)’z 1
T \h W21 Vam "”zwym-i-n

i —E
Using w = %

_ (i (Wm“’” _ iwnit ,2nt 1 Vipwn Vini
= (3)" Pniton 2o Ve Vi Em o = e E iy Yom BB i
_ etvnite?nt g Z Vam Vini + 1 Vom Vi

= E,—E,—2ihn Em—Ei—ihm ' Ep—EB;—2ihn 2«m Fp—E;—iln

1 Vi Vimi 4 & etonitent g Vom Vimi
E,—FE;—2ihn m E,,—FE;—ihn E,—FE;—2ihn m E,,—FE;—ihn

Which is just re-writing the expression to explicitly show that when 1 — 0, we get contribution from the
second term in the form of:

etwnit g3 _q Z Vi Vi _ e¥nit—1 Vinm Vimi
B, —E; — 217 m E.,—E;—ikf — E,—FE; m K,—FE;

With the factor in front of the sum as:

eiwnit _

mWhennﬂo

2. 5.42

Consider an atom made up of an electron and a singly charged (Z = 1) triton (*H). Initially the system
is in its ground state (n = 1,1 = 0). Suppose the system undergoes beta decay, in which the nuclear charge
suddenly increases by one unit (realistically by emitting an electron and an antineutrino). This means that
the tritium nucleus (called a “triton”) turns into a helium (Z = 2) nucleus of mass 3 (*He).
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= Obtain the probability for the system to be found in the ground state of the resulting helium ion.

» The available energy in tritium beta decay is about 18 keV and the size of the *He atom is about 1
A. Check that the time scale T for the transformation satisfies the criterion of validity for the sudden
approximation.
2.1. Solution
2.1.1. part(a.)

We can approximate this as a sudden approximation, thus only leaving us with the probability to calculate
as the inner product of the initial and final states:
Using hydrogen-like wavefunctions for the ground states,

3/2
Y100 = (aZO) / e=Zr/ao

with a¢ as the usual Bohr radius and Z as the atomic number.

Pmn = ‘<¢'n\¢m ’f [ / zr/ao] [x/l? (i) " ’"/“0}7' sm&drd&dgb‘ 232 2 [ e=3r/a0p2 sin Gdrdfde ’
= |22 g simoan 77 do fi e—Sf/%r?drf = |22 am fy emortonrzan|” = 127 4n 2] < ez
~0.702331961591 |
2.1.2. part(b.)
Here we just have to show that T = % = % << %’T
Where,
v — \/E \/2(18 10%;/1 11(?031}3; 9J/eV) 7 95 1O7m/s
and,
Aw = AEh = EHAVTI0V) (1602107 I/eV) 6 105 10161y

21/ Aw = 27/6.198 - 106 Hz = \ 1.0136867681 - 10—165\

Where then it becomes clear that,

2
T =1.256-10""%s << g — 1.0136867681 - 105

3. 543

Show that A, (R) defined in (5.234) is a purely real quantity.

3.1. Solution

This problem is effectively done in the text:
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An(R) =1 <na t| [VR|TL7 t>]
Vri (ntnt) = i[Vr (nt]|nt) + i (nt[Ve|nt)] =0

i (nt[Vr|nt)] = —i[Vr (n]|nt) = (i (nt[Vr|nt)])"
(An(R))" = (i (n, t][Vr|n,t)])" = —i[(n,t|VR]|n, t) = i (n,t|[Vr|n. )] =| An(R)

4. 5.44

Consider a neutron in a magnetic field, fixed at an angle 6 with respect to the z-axis, but rotating slowly
in the ¢ direction. That is, the tip of the magnetic field traces out a circle on the surface of the sphere, at
"latitude"m — 6. Explicitly calculate the Berry potential A for the spin-up state from (5.234), take its curl,
and determine Berry’s phase 4. Thus, verify (5.253) for this particular example of a curve C. (For hints,
see "The adiabatic theorem and Berry’s phase"by Holstein, Am. J. Phys., 57 (1989) 1079.)

4.1. Solution

Knowing,

_ _ —i 104 1o 7\ | cosb/2
A, (R) =i(n,t|[VrIn,t)] =i[cos8/2 e ®sinb/2] (3/4— S50 + 7~sine%¢) {eid’ sin@/Q}

—i[cos8/2 e "sing/2] < L {.Slna/Q]é-k.l [iei¢s?n9/2} ¢E> = & [~ cosf/2sin0/2 + cos0/2sin /2] O+

i COSG/Q rsin 6

i .2 " 1 .2 - cosf) —1 ~
rsin 6 [ZSIH 9/2] ¢ ~ 7sind s (6/2)¢ = 2r<in 6 ¢
B(r) =V X A(r) = i 55 (Agsin0)F — 1 9.(rAg)0 = i 3 (52555 sin0)7 — 157 (rgnisg )0

A 1

_ 1 O (cosf—1\n4 1 0 (cosf—1 _ N

Tsan%( 2r >T7;87< 2sin 6 )07 727,,3

1

74 =JVXAR) -da= 75 -da = fiﬂ Which is in complete agreement with 5.253,and (2 is the

solid angle swept out by the cone made by the B-field.

5. 5.49

Calculate the lifetimes for the 2p — 1s and 3p — 1s transitions in the hydrogen atom. You can find
measurements of these lifetimes in Bickel and Goodman, Phys. Rev., 148 (1966) 1

5.1. Solution

The following is done by knowing that these transitions are mediated through the photon on behalf of
energy in the electromagnetic fields. As such, the perturbation which causes the transition is the Hamiltonian
given by the interaction between the EM field and the atom. I approximate the interaction as an electric
dipole in an electric field, to represent roughly the electron cloud in the electric field component of the light.

T 72 s o\ (2 s
Wimsn = () Vol p(En)pom, = () [0V P p(En)pani, = () | (0|V]i) |* 55 LPAE = —5 L3|(n|V[i)*d

And then invoke the result of the work of Sakurai and Napolitano in eq 5.359:
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1 4, w8 2
oo 50% |Ro o where

Rora = [y r2drRy, (r)rRa(r) = [)° r3drR;, (r)Ra(r) =

~6.83-10"1m

Tp—>s

= T T
Tp—s = G30546265.5395=T ~ | 1.6-10""s

And for the 3p:

= (168335532.56) " 1s ~|5.9-10 s

Submitted by Delano Campos on .
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3/2 3/2
(i) () S e rentar

1 —313.6(1.6:1079.7)

L — 4090 | Ry of? = 4(:5)2E(6.83-10711m)” =

7) ;06—7-/3110:| |:ng2/2€—7-/(10:| d,r _

_ 41 (5PEon)’
41

2
~ —1
S G | aibsa| ~ 168335532.56

(6.83 - 1011m)? ~ 630546265.539s 1
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